In this paper, we obtain an extended Halanay inequality with unbounded coefficient functions on time scales, which extends an earlier result in Wen et al. (J. Math. Anal. Appl. 347:169-178, 2008). Two illustrative examples are also given.
Introduction and preliminaries
As is well known, Halanay-type differential inequalities have been very useful in the stability analysis of time-delay systems and these have led to some interesting new stability conditions (see [-] and the references therein).
In [] , Halanay proved the following inequality.
Lemma . (Halanay's inequality) If x (t) ≤ -αx(t) + β sup s∈[t-τ ,t]
x(s), for t ≥ t  , τ > , (. 
Lemma . (see []) Let x(t) > , t ∈ (-∞, +∞), and dx(t) dt ≤ -a(t)x(t) + b(t) sup t-τ (t)≤s≤t
x(s), t > t  , (  .  ) In this paper, we extend the main results of [] to time scale. As an application, we consider the stability of the following delay dynamic equation:
x(t) = ϕ(t) , t ≤ t  , (  .  ) where ϕ(t) is bounded and continuous for t ≤ t  , and a(t) ≥ , b(t) ≥  for t ∈ [t  , ∞), τ (t) ≥  and t -τ (t) → ∞ as t → ∞. If there exists σ >  such that -a(t) + b(t)
where ϕ(s) is bounded rd-continuous for s ∈ (-∞, t  ] T and τ (t), a(t), b(t), c(t) are nonnegative, rd-continuous functions for t ∈ [t  , ∞) T and c(t) is bounded. We prove that the zero solution of the delay difference equation
is stable. For completeness, we introduce the following concepts related to the notions of time scales. We refer to [] for additional details concerning the calculus on time scales. Definition . (see [] ) A function h : T → R is said to be regressive provided  + μ(t)h(t) =  for all t ∈ T κ , where μ(t) = σ (t) -t. The set of all regressive rd-continuous functions ϕ : T → R is denoted by R while the set R + is given by R + = {ϕ ∈R :  + μ(t)ϕ(t) >  for all t ∈ T}. If ϕ ∈ R, the exponential function is defined by
where ξ μ(s) is the cylinder transformation given by
and some properties of the exponential function are given in the following lemma.
Lemma . (see [] ) For a nonnegative ϕ with -ϕ ∈ R + , we have the inequalities
If ϕ is rd-continuous and nonnegative, then
Since a < b, from the above result, we have
Main results
Throughout this paper, we assume that the following conditions hold:
(H  ) Let x(t) be a nonnegative right-dense function satisfying
Theorem . Assume that (H  )-(H  ) and -a(t) ∈ R
+ hold, then we have
then we have
Proof We now consider the following two cases successively.
For any ε > , we have from (H  )
from this we shall deduce that
which contradicts the definition of t  . Therefore we can suppose t  < ∞, x(t  ) ≤ c δ + εM. We will discuss two cases:
Clearly we have x (t  ) ≥ . In fact, suppose that x (t  ) ≥  fails, then we have
We have from (.), (H  ), and (H  )
which contradicts x (t  ) ≥ . 
We have from (.) and (H  )
By (.), (.), (H  ), and  -μ(t)a(t) > , t ∈ T, we get
which leads to a contradiction. Hence the inequality (.) must hold. Since ε >  is arbitrary, we let ε →  + and obtain
Proof of Theorem .(ii). If M = , it is evident from (.) that (.) holds. Now we assume M > . Let Since τ (t) ≥ , and lim t→∞ (t -τ (t)) = +∞, we have lim sup t→∞ sup t-τ (t)≤s≤t x(s) = α. Clearly, there exists a sufficiently large T >  and T is fixed, such that
Taking θ :  < θ < -λ +λ ε  , using the properties of the superior limits we see that there exists a sufficiently large t * > t  , such that
(.)
On the other hand, it follows from (H  ) and (H  ) that
, and (.) implies that
(.)
By (.), (.), (.), and y(t) = x(t) -c δ
, we have
which implies
where we used the property of the exponential function: if p ∈ R + and t  ∈ T, then e p (t, t  ) >  for all t ∈ T.
Integrating both sides of (.) from t * -T to t * and by (.) we obtain
where we used a(t) ≥ a(t) -b(t) ≥ δ >  in the last step. By (.), we have
This contradicts the choice of θ , so we get α ≤ 
When M > , (H  ) may have the form that there exists δ >  such that
Similarly, in [] when G = , (.) must have the form that
when G > , (.) may have the form that 
Applications and examples
Consider the delay dynamic equation
where ϕ(t) is bounded rd-continuous for s ∈ (-∞, t  ] T and τ (t), a(t), b(t), c(t), d(t) are nonnegative, rd-continuous functions for t ∈ [t  , ∞) T and c(t) is bounded,
Assume there exists δ >  such that
where the delay kernel K(t, s) is a nonnegative, rd-continuous for (t, s)
From (.), we have
Let the functions y(t) be defined as follows: y(t) = |x(t)| for t ∈ (-∞, t  ] T , and
for t > t  . Then we have |x(t)| ≤ y(t), for all t ∈ (-∞, +∞) T . By [], Theorem ., we get
Example  Let T = R + , then system (H  ) is expressed as
where ϕ(t) is bounded continuous for t ∈ (-∞, ] and sup t≤ |ϕ(t)| = M. 
We choose some explicit nonnegative, continuous functions for a(t), b(t), c(t), d(t), τ (t), K(t, s). Let
a(t) = (t + )  t +  , b(t) = t  + t e(t + ) , c(t) = t +  t +  t , d(t) = t e( -e -t  ) √ π , K(t, s) = ( -cos ts)e -s  , (t, s) ∈ [, ∞) × [, ∞), τ (t) < t and lim
